Mass Transfer and Drag Coefficients of
Bubbles Rising in Dilute Aqueous Solutions
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The effects of aliphatic alcohols on mass transfer and drag coefficients of a carbon dioxide
bubble were investigated in very dilute aqueous solutions. A high speed photography technique
provided an almost continuous record of the bubble volume, shape, and oscillation, as related
to the height of the bubble in the liquid and the time elapsed from the moment of its release.
The results showed that the concentration, molecular size, and structure of the investigoted
alcohols have a pronounced effect on mass transfer as well as drcg coefficients of the rising
bubble. The significance of these effects with respect to idealized models of a highly circulat-
ing bubble and a solid sphere was considered, and a functiona! relationship was found to exist,
This relationship may be applied to systems more complex than a single bubble.

Minute quantities of some surface-active substances
may exert profound and manifold effects on the behavior
of gas bubbles in water. Garner and Haycock (1) found
that these substances can decrease circulation, which, ac-
cording to Timson and Dunn (2), may reduce the rate of
mass transfer from rising bubbles. Griffith (3) as well as
Gorodetskaya (4) rnoted that these substances also de-
crease the velocity of rise.

An interesting effect of surfactants is the decrease in
the degree of coalescence noted in aqueous solutions of
some fatty alcohols and acids at concentrations of only a
few parts per million. This reduced coalescence reported
by Zieminski (5) can so increase the surface area of trans-
fer that, even with a lower transfer coefficient, the mass
transfer rate can be substantially improved in a multiple
bubble system. The action of these substances in gas-liquid
dispersions is complicated by the fact that, when the fre-
quency of bubble formation is high and new surfaces are
formed at a high rate, surface equilibrium may not neces-
sarily be established. Consequently, the concentration of
the adsorbate at the interface would vary with time (Addi-
son 6 to 11), and its effect would become time dependent
(5).

The transfer of a gas to a liquid has been extensively
studied over a wide range of experimental conditions and
in a variety of systems. Baird and Davidson (12), Ledig
(13), Bogdandy (14), and others (15 to 17) are among
those who have studied single bubbles, while Cullen and
Davidson (18), Baars (19), and Zieminski (5, 20) have
concerned themselves with slightly more complicated sys-
tems. Rosenberg (21), Haberman and Morton (22),
Miyagi (23), and Levich (24) investigated the hydrody-
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Fig. 1. Diagram of experimental equipment.
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namic characteristics of rising bubbles.

Although all these studies have definitely contributed
to the better understanding of the process of mass transfer,
they deal for the most part with pure liquid systems or
systems where the concentration of the surface-active agent
is relatively high. Unfortunately, very little work has been
done on the effects of the structural and other chemical
characteristics of these substances in gas liquid dispersions
at very low solute concentrations. It is at these very low
concentrations that the most anomalous surface behavior
occurs {6 to 11, 25 to 30).

Besides its theoretical aspects, the problem is of practi-
cal interest in the general area of gas-liquid dispersions.
The decrease in density produced by dispersion of a gas
in a liquid constitutes the principle of operation of air
lifts and mammoth pumps. A local decrease in hydrostatic
head ¢aused by introduction of air into liquids has been
found to be an efficient method of mixing large bodies of
water. In chemical engineering practice, dispersing of
gases in liquids is of importance in many gas absorption
processes, such as industrial fermentations and waste treat-
ment by bio-oxidation. The economy of these processes
depends, among other things, on the size of the bubbles,
their shape, velocity of rise, mass transfer coefficient, and
coalescence. All these factors are, in turn, affected by the
presence of small quantities of surface active impurities.

In this work a systematic study was made of the effects
of some members of a homologous series of aliphatic alco-
hols on the mass transfer and drag coefficients of carbon
dioxide bubbles rising freely in a dilute solution (1 to 50
ppm.) of the investigated substances. It was expectefl that
such an investigation would aid in the determination of
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the interdependence of these quantities as well as of the
magnitude of their effects. To avoid secondary effects
caused by interaction of bubbles, only a single bubble
was studied.

EXPERIMENTAL PROCEDURE

By means of high speed photography the motion of the
bubble was followed simultaneously with the changes in
volume, as indicated by the capillary of a dilatometer. In this
way an almost continuous record was obtained of the bubble
volume, shape, and oscillation as related to the height of the
bubble in the liquid and the time elapsed from the moment of
release.

Apparatus

The experimental apparatus (Figure 1) consisted of strip-
ping and absorption columns made of plexiglass. The water
was twice distilled in a Barnstead borosilicate glass redistiller,
stripped from dissolved gases by means of helium under a
vacuum, and then introduced into the adsorption column. The
column was completely filled with water. A bubble of 99.3%
pure carbon dioxide was then introduced at the bottom of the
column by means of a specially designed release system.

Motion of the bubble was followed by hand control of a
Hycam (Model K1001) high speed camera mounted on a
well-balanced movable platform. Attached to the platform was
a horizontal bar carrying at its end a reflector and lens to
enable photographing of the capillary dilatometer protruding
from the bottom of the absorption column. This arrangement
made it possible to obtain at every 0.001 sec. pictures of both
a bubble and the corresponding position of the meniscus in
the dilatometer.

Volume was measured by use of the capillary dilatometer
which constituted the only opening to the atmosphere. The
shape of the bubble was obtained directly from the high speed
photographs and, in the range of bubble sizes studied, was
approximated by an oblate spheroid or in some cases a
sphere (2, 24, 31, 32). Also known from the photographs was
the paosition of the bubble in the column because lines indicat-
ing height above the release point were placed on the ab-
sorption column. Bubble age was obtained from a series of
timed exposures placed on the edge of each film by a cali-
brated electronic timing device, and the surface area was cal-
culated from the known bubble volume, dimension measure-
ments from the photographs, and the assumption of a geo-
metric shape. Many surface area measurements at each posi-
tion of the bubble were available due to the speed at which
the film was exposed (approximately 1000 frames/sec.).

CALCULATION PROCEDURE

The rate equation for mass transfer from a bubble to the
swrounding liquid may be expressed by

dn

—-Et—=KLA(Co—CL) (1)
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At any given time the pressure of a rising gas bubble can
be related to its volume by

PV=nRT (2)

Equations (1) and (2) may be combined and, if iso-
thermal conditions are assumed, the result is

1 d
— = — (PV) =K A (Cy—C
RTdt( ) LA (Co— Cp)

As the water was originally stripped of all absorbed gases,
Cp was taken as zero. In very dilute solutions Cy can be
expressed by Henry’s Law as

Co=HP (4)
The actual pressure experienced by the bubble at any
point in the column was represented by

’

Assuming negligible surface tension effects and an open
system, the pressure inside a stationary and insoluble
bubble depends only on the barometric pressure and on
the height of the bubble in the column of liquid. Associ-
ated with this work is a change in pressure inside the bub-
ble, the magnitude of which depends, in a given system,
on the rate of any corresponding volume change and on
the position of the bubble in the column. This information
was experimentally determined from the volume changes
of an insoluble (helium) bubble during its ascent and was
then used to estimate I in Equation (5).

Combining Equations (38), (4), and (5) yields

kol [V _(m .4
L RTAHL P, — 1 \ @t dt (6)

Direct measurement of the capillary displacement cor-
rected for the effects of temperature and the water film in
the capillary gave the bubble volume. This volume was
plotted against the corresponding time determined from
the exposure marks of the timing light generator. The rate
of volume change of the bubble was then obtained from
this curve.

The surface area corresponding to a given bubble vol-
ume was calculated from the relationship

A b2 1+«
A= 1.50— + 3.14—loge
b @ l—«

(7)

where o is expressed in terms of its volume and the minor

semiaxis:
b3 \1/2
a=\1-—-419— (8)
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The major axis of the oblate spheroid was eliminated by
means of

V=—4§1ra2b (9)

Equation (7) simplified the analysis of the photographic
results by reducing the number of necessary measurements
and at the same time took advantage of the measurable
quantity V (33).

The drag coefficient and the Reynolds number were
calculated according to the expressions (I, 22)

8 gb
) (10)
and
2apLu
Nge = (11)
AL

RESULTS AND DISCUSSION

Distilled Water Tests

Figure 2 gives the results of gas absorption tests con-
ducted under analogous conditions, as well as the results
obtained from the equations of Higbie (34) and Frossling
(35). It relates the instantaneous mass transfer coefficient
to the equivalent bubble radius for carbon dioxide bubbles
in distilled water. Although most of previously published
data lies in the range of bubble radii of 0.20 cm. and
higher, the data of the present work fall between bubble
radii from 0.13 to 0.20 cm. and pass through a definite
maximum. The accuracy of the procedure is indicated by
the standard deviation shown in the graph.

Rosenberg (21), Levich (24), Miyagi (23), and others
(4, 14, 22, 33, 31) found that, as the Reynolds number
decreases, the path of the bubble changes from spiral to
linear. According to Levich (24), this transition occurs at
Nge close to 700, corresponding to bubble radii of 0.10 to
0.15 cm. and is accompanied by a change from a sphe-
roidal to a spherical shape. The velocity of rise in this
range of diameters is nearly independent of the bubble size
and amounts to 28 to 30 cm./sec. (21, 24, 36). It is be-
lieved that the maximum, Figure 2, may be a result of
this shape transition, for a maximum value of K was ob-
served at an equivalent bubble radius of 0.155 cm. (Ng, ~
750). Hammerton and Gamer (37) observed a similar
maximum at bubble radii of approximately 0.15 cm.

Also of interest are the somewhat higher values of Ky
(Figure 2) compared with those of other authors. It should
be noted that these tests were conducted at 25°C. and

with bubble sizes not thoroughly investigated. The effect
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of temperature, although small for larger bubbles (> 0.6
cm. diam.), becomes increasingly important for smaller
bubbles abave 17°C,, rising to about 3%/°C. for bubble
sizes studied in this work (37, 39).

The method and speed of bubble release also drastically
affected the results, and an extensive investigation was
undertaken to determine the optimum release conditions
(33). Bubble release conditions alone may account for
some of the scatter of data experienced by other authors.

The theoretical relationships of Higbie (84) and Fross-
ling (35) exhibit a negative slope that agrees with the
reported results for bubbles above a radius of 0.15 cm.
At larger radii the experimental values agree well with the
theoretical values of Higbie, but deviate considerably be-
low a radius of 0.20 cm. Because the bubbles in this latter
region are close to the critical size noted by Levich (24),
a decrease in circulation makes it doubtful that the Higbie
model applies. These observations are in agreement also
with the results of Bogdandy et al. (14), which show that
for smaller bubbles (radius < 0.02 cm.) the experimental
values approach those of Krischer and Loos (40) for solid
spheres. Lochiel (41), Gorring and Katz (42), and others
(22, 24) have noticed a change in behavior of the drag
coefficient at a Reynolds number of about 750. This change
is believed to be due to an alteration in flow characteristics
because of the transition from a spherical to a spheroidal
shape.

Tests in Dilute Alcohol Solutions

The addition of any surface-active substance to a water-
bubble system would be expected to cause considerable
alterations in the flow behavior as well as the transfer of
gas into the liquid medium. Higbie (34), Lewis and Whit-
man (43), Danckwerts (44), and others (45 to 47) formu-
lated theories to explain mass transfer phenomena in sys-
tems of varying complexity, but all these theories assume
that the gas-liquid interface offers no resistance to gas ab-
sorption. Whether or not surfactants upset this assumption
is not clear. What is clear is that even in extremely dilute
solutions (< 1 ppm.) these substances have a pronounced
effect on both the hydrodynamic behavior and on the rate
of mass transfer from the rising gas bubbles (4, 5). The
question is are these effects separate consequences of some
yet unknown phenomena or are they dependent upon each
other.

The previous discussion of bubble behavior in distilled
water revealed that the maximum (radius of 0.155 cm.)
of the Ky, curve might be explained by the transition in
the shape of the bubble. Following the same line of rea-

soning, it is possible to examine the effects of some alco-
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Surface-active substances have been observed to lower
the terminal velocity of bubbles (3, 4, 24), increase the
drag at a given bubble radius (24), cause bubbles to be
more spherical than those in water at the same radius ( 24),
and decrease interfacial as well as internal turbulence (24,
37, 48, 49). The combination of these effects should re-
sult in the change from spheroidal to spherical bubbles
occurring at a larger radius in the presence of a surface-
active solute than in distilled water. The radius at which
this transition occurs should depend upon the concentra-
tion and the surface activity of the substance.

In Figures 3 through 7 a shift in the Ki, curves can be
observed in all but one case. For n-pentanol the magnitude
of the coefficient is relatively unaffected until the concen-
tration exceeds 66 ppm. With the higher alcohols, how-
ever, a much lower concentration is capable of shifting the
curves drastically. Also at a given concentration there is a
trend of decreasing Ky values with increase of the hydro-
phobic chain length. For n-octanol, the range of bubble
diameters was not sufficient to record the transition points
at all concentrations, while for n-nonanol a greater part of
the path was more typical of a sphere than a spheroid.
Thus alcohol concentration and, in most cases, chain length
may be said to have a considerable lowering effect on the
mass transfer coefficient.

The more interesting correlation between the mass
transfer coefficient and concentration-utilizing carbon
chain length as a third parameter could have been con-
structed from the data in at least two different ways. The
integral average of the coefficient over the time of the
event could have been taken and this value plotted against
concentration, or a bubble radius common to all concen-
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trations might have been selected. Because previous re-
sults indicate some dependence of the coefficient on the
shape of the bubble and because this shape is a function
of bubble radius as well as concentration and chain length,
the latter relationship was chosen. A bubble radius of
0.1900 cm. was selected, for all concentrations and chain
lengths included this value. Any other choice of radius
might have been used, however, with similar results.

Figure 8 shows that with increased concentration of
alcohol the mass transfer coefficient drops sharply in the
region of low concentration (0 to 5 ppm.) and then gradu-
ally levels off. The magnitude of this drop increases with
the chain length of the alcohol. At a concentration of about
5 ppm. the amyl alcohol showed a drop of about 5%,
while under the same conditions the nonyl alcohol reduced
the coefficient by 90%.

To determine the effect of molecular structure, three
isomers of straight chain alcohols were selected. Each had
the hydroxyl group located at the number four carbon
atom. Figures 9, 10, and 11 show the relationship between
the mass transfer coefficient and the equivalent bubble
radius for 4-heptanol, 4-octanol, and 4-nonanol, respec-
tively, at various concentrations. The general shape of the
curves is very similar to those of the straight chain alcohols.
A definite maximum occurs in nearly all cases which again
appears to depend upon alcohol concentration and hydro-
phobic chain length. Sufficient data were not available in
all cases to record the change in slope.

The most significant difference between the results of
the straight chain alcohols and their isomers is the relative
location of the maxima for different concentrations of any
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one alcohol. It was pointed out that for the normal alcohols
there was a shift of the maximum, which is not as notice-
able with the isomers if it is present at all.

A better picture (Figure 12) of the effects of molecular
structure can be obtained by relating the mass transfer co-
efficient to the concentration at a constant equivalent bub-
ble radius (0.1900 cm.) For heptanol there is essentially
no difference between the isomers. This is in agreement
with the results obtained with isomers of butyl alcohol
(5) where no change was observed in their effects on mass
transfer coeficient. For octanol and nonanol, however, the
mass transfer coefficient for the normal alcohols falls well
below those for their isomers at the same concentration.
This behavior may be due to the higher solubility of the
isomers and to the greater proximity of their centers of
hydrophobic and hydrophilic attraction to the center of
the molecule, characteristics that may make it less able to
impart a stabilizing effect to the surface. Whatever the
mechanism involved, it should depend on the type and
concentration of the adsorbate molecules at the gas-liquid
interface and therefore on the rate of transfer of the solute
to the bubble surface.

Addison found (6 to 8, 50) that the velocity of migration
of straight chain alcohols increases with the length of the
carbon chain, and therefore for the same concentration the
rate of accumulation is higher for alcohols of larger mo-
lecular size. Hence the higher the alcohol the more pro-
nounced its depressing effect on the mass transfer co-
efficient.

This decrease of the coefficient appears to be more of a
hydrodynamic than of a surface-resistance nature (51).
Garner and Haycock (1) as well as Baird and Davidson
(12) noticed that the presence of surface-active substances
decreases circulation and thus lowers the rate of mass
transfer because of decreased surface disturbance. It is
possible that this lowering of circulation is due to absorp-
tion of the alcohol molecules and attraction of their polar
groups of water. Action of this kind should increase the
stability of the layer of water adjacent to the bubble. This
effect can be expected to be more pronounced the higher
the molecular weight of the alcohol, because the attraction
between carbon chains of the adsorbate molecules increases
with the chain length (6).

Furthermore, it has been suggested that in solutions of
surface-active substances the motion of a bubble sets up
surface tension gradients at the interface (2, 3). If this is
correct, it seems reasonable to assume that an increase in
the concentration or chain length would increase the mag-
nitude, and thus the rigidity, of the surface and the drag
coefficient.
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The drag coefficient of rising bubbles has been studied
extensively in water by Rosenberg (21}, Haberman and
Morton (22), and others (14, 24, 52). However, except
for the studies of Lochiel (41), Griffith (3), and Goro-
detskaya (4), very few investigations have been made of
the drag on a bubble rising freely in very dilute solution of
a surfactant. In order to throw more light on such action,
drag coeficients were determined under conditions ana-
logous to those of the mass transfer tests.

Figures 13 through 16 show the relationship between
Reynolds number and drag coefficient for solutions of n-
heptanol, n-octanol, 4-heptanol, and 4-octanol respectively.
Since all bubbles remained in the experimental column for
approximately the same time, the effect of the alcohols on
the rate of gas absorption is no doubt responsible for the
different ranges of Reynolds numbers.

In all cases where data were available near Nz = 750
(transition point of water), the addition of an alcohol re-
sulted in a higher drag coefficient. The magnitude of this
difference increased with increased solute concentration.
Moreover, at higher Reynolds numbers the values of the
drag coefficient appear to be very close to those for dis-
tilled water, especially at the lower concentrations of
solute. This increase in drag coefficient near Nge = 750
smooths out the very definite inflection noted in the case
of distilled water and is in agreement with the results of
Haberman and Morton (22). This behavior may be due
to the surface tension gradients noted by Griffith (3) and
Timson and Dunn (2), or it may be a result of the build-
ing in of alcohol molecules at the water surface, as sug-
gested by Kipling (80), Franks and Ives (29), and
Dunicz (53), it may also be a combination of both. What-
ever the reason, the effect appears to be a function of
solute concentration and length of the carbon chain,

To demonstrate the effects of these alcohols, the drag co-
efficient was plotted against the solute concentration at a
selected Reynolds number (Ng. = 750). Figure 17 shows
that the drag coefficient levels off after a certain concen-
tration is reached. It is apparent that the longer the carbon
chain, the lower the concentration necessary to reach this
plateau. With regard to the shorter carbon chains, 4-
heptanol and 4-octanol, there is very little effect due to the
chain structure, but the values of Cp for the 4-nonanol fall
well below those of n-nonanol. Whatever their origin, the
factors affecting the drag of the bubble cease to influence
the drag coefficient beyond a certain critical concentration,
which varies with chain length and chain structure.

The most striking result is the similarity of behavior of
the mass transfer and drag coefficients. Whereas the mass
transfer coefficient decreased with increase of the length
of the carbon chain, the change in the drag coefficient was
found to be nearly identical but in the opposite direction.
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It seems logical therefore to assume that the factors that
increase the drag coefficient produce an adverse effect on
mass transfer and that this behavior is a function of the
chain length.

Previous results indicate that bubbles approximating
both solid spheres and highly circulating spheroids were
present over the range of data studied. It is thus appropri-
ate to examine the limiting cases of mass transfer from
solid spheres and circulating bubbles. In the following dis-
cussion the Ky, for solid spheres was calculated by Fross-
ling (85),

K. =08 Nre®5Ng,-333

eq
while the K for circulating bubbles was evaluated by
Higbie’s relationship (34),
Ky = 2 (D/=t,) 12
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CONCENTRATION - ppm

Fig. 18. KL vs. concentration——comparison with Frossling and Higbie.

where t, is the time required for a bubble to move one
bubble diameter.

Experimental results might be expected to fall between
the limits set by these two equations, their position de-
pending upon the alcohol concentration and chain length.
Such was not the case (Figure 18), although a definite
trend is indicated. For example, at low concentrations of
alcohol the Higbie relationship comes much closer to pre-
dicting the actual value of Ky, than does the Frossling ex-
pression. At higher concentrations, however, the Frossling
equation yields a more accurate result. It is further noticed
that the Frossling equation becomes more accurate at a
lower concentration for the eight- than for the six-carbon
alcohol. This behavior might have been expected, for a
bubble rising in distilled water is highly circulating and
oscillating throughout most of its ascent. The addition of
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alcohol to the water has the effect of damping these oscil-
lations. The higher the concentration or chain length, the
sooner this damping occurs within the range of experi-
mental results, When a bubble is behaving similarly to one
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in distilled water, the Higbie relationship is more accurate,
but as the interface becomes more contaminated, the
Frossling equation is a better approximation.

This conclusion is somewhat similar to that of Calder-
bank (54) who found that bubbles in water at diameters
above 2.5 mm. have greater values of K. than those below
2.5 mm. He suggests that below this diameter friction drag
predominates causing boundary layer flow and Frissling’s
equation is applicable. Above a diameter of 2.5 mm., how-
ever, form drag prevails and the Higbie relationship should
be applied.

In Figure 19 the experimental Nusselt numbers are pre-
sented as a function of the Reynolds number together with
the results of Bogdandy (14) for deformed bubbles and
those of Krischer and Loos (40) for solid spheres. The
values for water and for very low concentrations of alcohols
are seen to fall close to the experimental values of Bog-
dandy. As concentration is increased, however, the bubbles
behave more and more like solid spheres. At 8.2 ppm.
n-nonanol, the experimental points are seen to fall on the
line of Krischer and Loos. The effect of chain length can
also be seen as 10.8 ppm. n-octanol yielded much lower
Nyu than did n-hexanol of the same concentration,

It would appear therefore that the decrease in the rate
of mass transfer upon the addition of a surface-active sub-
stance is not the result of a surface resistance, but is
primarily due to changes in the hydrodynamic character-
istics of the system. Thus a functional relationship should
exist between the mass transfer and hydrodynamic char-
acteristics and this relationship should be independent of
bubble radius, surfactant concentration, and hydrophobic
chain length. Consequently a plot of the mass transfer
coefficient against a representative hydrodynamic quantity,
the drag coeficient, should exhibit some predictable func-
tional relationship.

The solid circles in Figures 20 and 21 represent ex-
perimental data for all alcohols investigated at the various
concentrations used as well as the values for distilled water.
All points fall within a band approximating a straight line
except for one cluster in Figure 20 which appears to the
lower right of the line. These points were obtained with
8.2 ppm. n-nonanol; apparently, as the drag coefficient
increases the mass transfer coefficient approaches zero.
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Therefore, there should exist a point beyond which an in-
crease in Cp will have only very little effect on the value
of Ky, and the linear relationship would no longer apply.

Shown in Figure 20 and 21 are the linear regression lines
from which the functional relationships for single bubbles
were determined. For the straight chain alcohols this re-
lationship was found to be

Ky = — 0.126 Cp + 0.1120
and for the isomers
Ky, = — 0.089 Cp 4 0.0903

There is a small but significant difference between these
relationships. It suggests that the relationship is not com-
pletely independent of molecular structure. Furthermore,
if the transfer coefficient can truly be expressed in terms of
the drag coefficient, similar equations should exist regard-
less of the system used. It should therefore be possible to
correlate in a similar manner data taken on systems of a
more complex nature than single bubbles.

Figures 20 and 21 indicate also the results of Zieminski
(5) and Carver (36), respectively. The former used a
stone disperser and dilute solutions of alcohols, whereas
the latter dispersed air into a dilute solution of a detergent
using a venturi diffuser. Even in these widely different
systems there is a visible relationship between the mass
transfer and drag coefficient. It seems, therefore, that the
interdependence of Cp and Kj, is not restricted to the
single-bubble system used in this investigation.
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NOTATION

a = major semiaxis of a spheroid, cm.

A = surface area of bubble, sq.cm.

b = minor semiaxis of a spheroid, cm.

c = conversion factor, 0.9678 X 1073 atm./cm.
Cp = drag coeflicient, 8/3 gDy/u?

C. = bulk concentration of gas, g.moles/cc.

Co = equilibrium concentration of gas, g.moles/cc.

D = diffusivity of absorbed gas through liquid, sq.cm./

sec.

g = gravitational constant, 980 cm./sec.2

h = height of bubble in column measured from column
base, cm.

H = Henry’s law constant, g.moles/cc. atm.

= overall mass transfer coeficient, g.moles/sq.cm.
sec. (g.moles/cc.)
n = g.moles of gas

Nyu = Nusselt number, Kpa/D

Nre = Reynolds number, 2aupr/pL

Nsc = Schmidt number, ur/p D

ppm. = parts per million by volume

P = pressure of gas inside bubble, atm.
Pg = barometric pressure, atm,

R = gas constant, 82.057 atm. cc./g.mole °K.

Rey, = equivalent spherical bubble radius, cm.
t = time, sec.

T = temperature, °K.

# = linear velocity of rise of bubble, cm./sec.
V= bubble volume, cc.

Greek Letters

o == eccentricity, [1 — 4.19(b3/z) ]1/2

8 = dynamic pressure, atm.
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pr = liquid viscosity, g./cm. sec.
I = hc’ + 8, atm.

f = liquid density, g./cc.

o == standard deviation
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lterative Methods for Solving Problems
in Multicomponent Distillation

at the Steady State

D. S. BILLINGSLEY and G. W. BOYNTON
IBM, Houston, Texas

The multicomponent distillation problem is formulated so that unknown compositions do not
appear explicitly either in the equilibrium and material balance equations or in the heat
balance equations. Use of this formulation in absolute iteration as well as Newton-Raphson
iteration is discussed. Other types of staged separation processes may be similarly expressed

Several authors have proposed Newton-Raphson or
similar schemes for solving steady state multicomponent
distillation problems. Among these are Stainthorp et al.
(11, 12), Naphtali (7}, and Greenstadt et al. (5). In ad-
dition, Newman (8) presented a worthwhile scheme for
obtaining the temperature profile corresponding to a spec-
ified phase flow profile. In these methods the unknown
flow rates or mole fractions of individual components enter
explicitly into the iterations. When component enthalpies
and equilibrium ratios are independent of composition
(heats of mixing are neglected), this explicit dependence
may be removed, thereby greatly reducing the number of
unknowns entering the iterative procedure.

Figure 1 illustrates indexing conventions and some no-
tations. Component enthalpies and equilibrium ratios are
assumed to be independent of composition. This assump-
tion imposes no real limitation because nonideal mixtures
can be handled as suggested in reference 3. It will be
assumed also that each feed stream is completely specified
and that the heat duty Qg of each intercooler and inter-
heater (other than the reboiler and overhead condenser)
is specified. The total withdrawal rate of each side-draw,
if any, will be specified, and each side-draw will be liquid.
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For purposes of discussion, a total condenser producing
bubble point reflux is employed and any two of the fol-
lowing are specified: internal reflux ratio R, reboiler duty
Qr, bottom product withdrawal rate B, and condenser
duty Q..

The special algorithm for Gaussian elimination, as
applied to tridiagonal matrix equations (see reference 2
or 9), is presumed to be used for solving all such systems
otherwise numerical instability will normally result. The
reader is referred to Pease (10) concerning differentiation
of negative powers of matrices.

ITERATION EQUATIONS
Following Ball (1), Equation (1) was derived pre-
viously (2).
Z7 ! i=Ti= (Vi Oty . -, 001) T (1)
where

Q= (@ir—1, @ig—2, -+ +» 00) T

_{fii
wjj = 0

if j denotes a feed stage
otherwise
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